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1. Introduction
We analyze the general setting of nonuniform exponential behavior. Considering for instance the case of contractions, in
the uniform setting we assume that there exist M > 0 and ω < 0 such that∥∥Φ(t, t0)∥∥ Meω(t−t0), for each t, t0  0
where the linear operator Φ(t, t0) satisﬁes
x(t) = Φ(t, t0)x(t0)
for any t, t0  0 and any solution x of the above equation. On the other hand, in the nonuniform setting we assume that
there exist M > 0 and ω < 0, and   0 such that∥∥Φ(t, t0)∥∥ Meω(t−t0)+t0 , for each t, t0  0
or more generally∥∥Φ(t, t0)∥∥ N(t0)eω(t−t0), for each t, t0  0
for some function N . The constant ω is an upper bound for the largest Lyapunov exponent, while  or the function N
quantiﬁes the nonuniformity of the exponential behavior. One of the most quoted reasons for weakening the notion of
uniform exponential behavior is that from the point of view of ergodic theory, almost all linear variational equations in a
ﬁnite-dimensional space have a nonuniform exponential behavior. Namely, consider a ﬂow (φt)t∈R deﬁned by an equation
x′ = f (x) in Rn preserving a ﬁnite measure μ. This implies that
* Corresponding author.
E-mail addresses: preda@math.cornell.edu (C. Preda), preda@math.uvt.ro (P. Preda).0022-247X/$ – see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2011.06.082
C. Preda et al. / J. Math. Anal. Appl. 385 (2012) 572–581 573μ(φt A) = μ(A)
for any measurable set A ⊂ Rn and any t ∈ R. One can show that an orbit of μ-almost every point x with nonzero Lyapunov
exponents provides a linear variational equation
v ′(t) = Ax(t)v, with Ax(t) = dφt x f ,
admitting a nonuniform exponential dichotomy (see Section 4 in [5] for the deﬁnition), with C(s) = Ces in (17) from [5].
See for instance [1] and [3] for details and references. Certainly, the constants  may be zero, although results in [2] indicate
that in many situations the set of trajectories for which  > 0 (and not arbitrarily small) may be large from the points of
view of Hausdorff dimension and topological entropy.
One of the most remarkable results in the theory of stability of dynamical systems has been obtained by Datko [7]
in 1970 for the particular case of C0-semigroups. Thus in [7] it was established that all the trajectories T (·)x (of a C0-
semigroup {T (t)}t0) have an exponential decay as t → ∞ (i.e. {T (t)}t0 is uniformly exponentially stable) if and only if,
for each vector x ∈ X , the function t → ‖T (t)x‖ lies in L2(R+). Later, A. Pazy shows in [12,13] that the result remains valid
if we replace L2(R+) with Lp(R+), where p ∈ [1,∞).
In 1972, R. Datko extends in [8] the above result for two-parameter evolution families stating that an evolution fam-
ily {Φ(t, s)}ts0 (with uniform exponential growth) is uniformly exponentially stable (i.e. there exist N, ν > 0 such that
‖Φ(t, s)‖  Ne−ν(t−s) , for all t  s  0) if and only if there exists p ∈ [1,∞) such that sups0
∫∞
s ‖Φ(t, s)x‖p dt < ∞, for
each x ∈ X . It is worth to note that the above Datko’s theorem appears already in [6] for the special case of differential
systems. The proof provided by Daleckij and Krein is different than the one provided by Datko and it relies on a technical
lemma (see Theorem 6.1 from page 132). Datko’s result was extended to dichotomy by Preda and Megan [14] in 1985. Also,
the above Datko’s result for two-parameter linear evolution families was improved by Rolewicz in 1986 (see [15]) in the
following way:
Theorem 1.1. Let N(·,·) : (0,∞) × [0,∞) → [0,∞) be a function with the following properties:
• N(·,u) is non-decreasing for each u  0;
• N(α, ·) is continuous and non-decreasing for every α > 0;
• N(α,0) = 0 and N(α,u) > 0, for all u > 0.
If {Φ(t, s)}ts0 is an evolution family with uniform exponential growth on the Banach space X, such that for every x ∈ X, there is
α(x) > 0 with
sup
s0
∞∫
s
N
(
α(x),
∥∥Φ(t, s)x∥∥)dt < ∞
then {Φ(t, s)}ts0 is uniformly exponentially stable.
A discrete-time version of Rolewicz theorem was obtained in 1974 by Zabczyk [16] for the particular case of C0-
semigroups. Recently, it is worth to mention that the Datko–Pazy theorem was generalized by van Neerven [10] in 90’s
for the same particular case of C0-semigroups. The technique of proof for obtaining the above results relies heavily on the
uniform exponential growth property (or of class C(0, e) as in [8]) for {Φ(t, s)}ts0, i.e. there exist M > 0 and ω > 0 such
that ∥∥Φ(t, s)∥∥ Meω(t−s), for each t  s 0.
The aim of current approach is to obtain theorems that characterize the nonuniform exponential stability and the
nonuniform exponential dichotomy for evolution families with nonuniform exponential growth (nonuniform exponential
contractions as in [4], i.e. there is M : [0,∞) → [1,∞) such that ‖Φ(t, t0)‖ M(t0)eω(t−t0) , for each t  t0  0).
2. Preliminaries
Let X be a Banach space and B(X) be the Banach algebra of all linear and bounded operators acting on X . We denote
by ‖ · ‖ the norms of vectors and operators on X . Also we put
L∞t0 (X) =
{
f : [t0,∞) → X strongly measurable: ess sup
tt00
∥∥ f (t)∥∥< ∞}.
Deﬁnition 2.1. An operator-valued two variables function
Φ :  = {(t, t0) ∈ R2: t  t0  0}→ B(X), (t, t0) 	→ Φ(t, t0),
is said to be an evolutionary process with a nonuniform exponential growth if:
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(ii) Φ(t, s)Φ(s, t0) = Φ(t, t0), for each t  s t0  0.
(iii)  × X 
 (t, s, x) 	→ Φ(t, s)x ∈ X is continuous.
(iv) There exist ω ∈ R and M : R+ → (0,∞) such that ‖Φ(t, t0)x‖ M(t0)eω(t−t0)‖x‖, for each t  t0  0 and x ∈ X .
Remark 2.1. It is obvious that if supt00 M(t0) < ∞ then Φ has a uniform exponential growth.
We also put
X1(t0) =
{
x ∈ X: Φ(·, t0)x ∈ L∞t0 (X)
}
.
Throughout this paper we assume that X1(t0) is closed and it admits a closed complement X2(t0) and we denote by
P (t0) the corresponding projector, i.e. Im P (t0) = X1(t0). We also put Q (t0) = I − P (t0).
Remark 2.2. It is easy to see that:
• P (t)Φ(t, t0)P (t0) = Φ(t, t0)P (t0), for all t  t0  0;
• If x ∈ X2(t0), x = 0, then Φ(t, t0)x = 0, for all t  t0  0.
Let Φ be an evolutionary process with a nonuniform exponential growth and t0  0 and x ∈ X . Then we denote
‖x‖t0 = sup
tt0
e−ω(t−t0)
∥∥Φ(t, t0)x∥∥.
It is easy to see that X 
 x → ‖x‖t0 ∈ R+ deﬁne a norm on X , for each t0  0 and
‖x‖ ‖x‖t0  M(t0)‖x‖,
for every t0  0.
If Φ has a uniform exponential growth then ‖ · ‖t0 is uniformly (with respect to t0) equivalent with ‖ · ‖.
Remark 2.3. ‖Φ(t, t0)x‖t  eω(t−t0)‖x‖t0 , for all t  t0  0.
Indeed we can see that for each t  t0  0 we have that∥∥Φ(t, t0)x∥∥t = sup
τt
e−ω(τ−t)
∥∥Φ(τ , t)Φ(t, t0)x∥∥= sup
τt
e−ω(τ−t0−t+t0)
∥∥Φ(τ , t0)x∥∥
= eω(t−t0) sup
τt
e−ω(τ−t0)
∥∥Φ(τ , t0)x∥∥ eω(t−t0)‖x‖t0 .
We can also see that for each t0  0 and x ∈ X we have that [t0,∞) 
 s 	→ ‖Φ(s, t0)x‖s ∈ R+ is lower semicontinuous,
therefore measurable.
Deﬁnition 2.2. Let Φ be an evolutionary process with a nonuniform exponential growth. Then we say that Φ is nonuniform
exponentially dichotomic, if there exist N1,N2, ν > 0 such that
• ‖Φ(t, t0)P (t0)x‖t  N1e−ν(t−t0)‖P (t0)x‖t0 , for each x ∈ X and t  t0  0;• ‖Φ(t, t0)Q (t0)x‖t  N2eν(t−t0)‖Q (t0)x‖t0 , for each x ∈ X and t  t0  0.
Remark 2.4. If Q (t0) = 0 then we say that Φ is nonuniform exponentially stable, or that Φ is a nonuniform exponential
contraction as in [4].
Remark 2.5. Let Φ be an evolutionary process with a nonuniform exponential growth, i.e. there exist ω ∈ R and M : R+ →
(0,∞) such that ‖Φ(t, t0)x‖  M(t0)eω(t−t0)‖x‖, for each t  t0  0 and x ∈ X . Then Φ is nonuniform exponentially di-
chotomic, if and only if there exist N1,N2, ν > 0 such that
• ‖Φ(t, t0)P (t0)x‖ N1M(t0)e−ν(t−t0)‖P (t0)x‖, for each x ∈ X and t  t0  0;
• M(t)‖Φ(t, t0)Q (t0)x‖ N2eν(t−t0)‖Q (t0)x‖, for each x ∈ X and t  t0  0.
Therefore, it can be seen that the above function M measures the nonuniformity of the exponential behavior.
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chotomic then
sup
t0
∥∥P (t)∥∥t < ∞.
Proof. Let t  0 and xi ∈ Xi(t) such that ‖xi‖t = 1, i = 1,2. Then
‖x1 + x2‖t  1
eω(τ−t)
∥∥Φ(τ , t)x2 − Φ(τ , t)(−x1)∥∥τ
 1
eω(τ−t)
[∥∥Φ(τ , t)x2∥∥τ − ∥∥Φ(τ , t)(x1)∥∥τ ]
 1
eω(τ−t)
[
N2e
ν(τ−t) − N1e−ν(τ−t)
]
, for all τ  t  0.
Denoting τ − t = δ and taking into account that N2eνδ − N1e−νδ → ∞, while δ → ∞ we have that there exists δ0 > 0 such
that
N2e
νδ0 − N1e−νδ0 = γ0 > 0.
Therefore
‖x1 + x2‖t  γ0
eωδ0
, for all t  0.
By using Lemma 1.1, page 156 from [6] it follows that
γ0
eωδ0
 2‖P (t)‖t ,
and therefore we get that
∥∥P (t)∥∥t  2eωδ0γ0 , for all t  0. 
3. Nonuniform exponential stability and nonuniform exponential dichotomy
In this section we analyze the property of the above deﬁned evolutionary processes to be nonuniform exponentially
dichotomic or more particular nonuniform exponentially stable. For the beginning we recall an elegant technical lemma,
employed by Massera and Schäffer, in [9], for proving the exponential decay of the solutions of some differential equations.
Lemma 3.1. Let f be a positive function, g a continuous positive function on [0,∞). If
• inft0 g(t) < 1;
• f (t) g(t − t0) f (t0), for all t  t0  0,
then there exist N, ν > 0 such that f (t) Ne−ν(t−t0) f (t0), for all t  t0  0.
Proof. See Lemma 5.3, page 539 in [9]. 
Theorem 3.1. Let Φ be an evolutionary process with a nonuniform exponential growth. Then Φ is nonuniform exponentially stable if
and only if there exist p > 0 and K > 0 such that
( ∞∫
t0
∥∥Φ(τ , t0)x∥∥pτ dτ
) 1
p
 K‖x‖t0 , for all t0  0 and x ∈ X .
Proof. Let t  t0 + 1 and x ∈ X . Then we have that
∥∥Φ(t, t0)x∥∥pt
t∫
e−p(t−s) ds =
t∫ ∥∥Φ(t, t0)x∥∥pt e−p(t−s) ds =
t∫ ∥∥Φ(t, s)Φ(s, t0)x∥∥pt e−p(t−s) dst0 t0 t0
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t∫
t0
eωp(t−s)
∥∥Φ(s, t0)x∥∥ps e−p(t−s) ds =
t∫
t0
∥∥Φ(s, t0)x∥∥ps ds

∞∫
t0
∥∥Φ(s, t0)x∥∥ps ds K p‖x‖pt0 .
Since
∫ t
t0
e−p(t−s) ds
∫ 1
0 e
−ps ds = α we have that
∥∥Φ(t, t0)x∥∥t  Kα1/p ‖x‖t0 ,
for all t  t0 + 1 and x ∈ X .
If t0  t  t0 + 1 then we have that ‖Φ(t, t0)x‖t  eω‖x‖t0 . Setting L = max{ Kα1/p , eω} we get that∥∥Φ(t, t0)x∥∥t  L‖x‖t0 ,
for all t  t0  0 and x ∈ X .
Taking now t  t0, s ∈ [t0, t] and x ∈ X we have that∥∥Φ(t, t0)x∥∥t = ∥∥Φ(t, s)Φ(s, t0)x∥∥t  L∥∥Φ(s, t0)x∥∥s.
Integrating now on [t0, t] we obtain that
(t − t0)
∥∥Φ(t, t0)x∥∥pt  Lp
t∫
t0
∥∥Φ(s, t0)x∥∥ps ds Lp K p‖x‖pt0 .
Therefore∥∥Φ(t, t0)x∥∥t  L(1+ K )1+ (t − t0)1/p ‖x‖t0 ,
for all t  t0  0 and x ∈ X . Taking t  s t0 and x ∈ X we obtain that∥∥Φ(t, t0)x∥∥t = ∥∥Φ(t, s)Φ(s, t0)x∥∥t  L(1+ K )1+ (t − s)1/p
∥∥Φ(s, t0)x∥∥s.
Setting f (t) = ‖Φ(t, t0)x‖t and g(u) = L(1+K )1+u1/p we obtain that f (t)  g(t − s) f (s), for all t  s  t0. By Lemma 3.1, it
follows that there exist N, ν > 0 such that∥∥Φ(t, t0)x∥∥t  Ne−ν(t−s)∥∥Φ(s, t)x∥∥s, for all t  s t0 and x ∈ X .
Putting s = t0 we complete the suﬃciency.
Necessity follows easily from the fact that
∞∫
t0
∥∥Φ(s, t0)x∥∥ps ds Np
∞∫
t0
e−pν(s−t0) ds‖x‖pt0 =
Np
νp
‖x‖pt0 . 
We will provide below an extension of a result given by V. Pata in [11].
Theorem 3.2. Let Φ be an evolutionary process with a nonuniform exponential growth. Then Φ is nonuniform exponentially stable if
and only if there exist C ∈ (0,1) and T > 0 such that for each t0  0 and x ∈ X there exists θx,t0 ∈ (0, T ] with∥∥Φ(t0 + θx,t0 , t0)x∥∥t0+θx,t0  C‖x‖t0 .
Proof. The necessity is obvious.
For the suﬃciency, we take randomly t0  0 and x ∈ X , and we denote s0 = t0, s1 = t0 + θx,t0 and y = Φ(s1, t0)x.
Then we have that ‖Φ(s1, t0)x‖s1  C ‖x‖t0 and there exists θy,s1 ∈ (0, T ] such that∥∥Φ(s1 + θy,s1 , s1)y∥∥s1+θy,s1 =
∥∥Φ(s1 + θy,s1 , t0)x∥∥s2  C2‖x‖t0 ,
where we put s2 = s1 + θy,s1 .
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for all n 0.
Let now t  t0  0. If limn→∞ sn = ∞ then there exists n ∈ N such that sn  t < sn+1. It follows that∥∥Φ(t, t0)x∥∥t = ∥∥Φ(t, sn)Φ(sn, t0)x∥∥t  eω(t−sn)∥∥Φ(sn, t0)x∥∥t  eωT Cn‖x‖t0 .
Setting up ν = − 1T lnC > 0 (or equivalently C = e−νT ) we obtain that∥∥Φ(t, t0)x∥∥t  eω(T+ν)e−ν(n+1)T ‖x‖t0  e(ω+ν)T e−ν(t−t0)‖x‖t0 .
Putting N = e(ω+ν)T and ν = − 1T lnC it results that∥∥Φ(t, t0)x∥∥t  Ne−ν(t−t0)‖x‖t0 ,
for all x ∈ X and t  t0  0. 
Theorem 3.3. Let Φ be an evolutionary process with nonuniform exponential growth. Then Φ is nonuniform exponentially stable if
and only if there exist p > 0 and W : [0,∞) × X → [0,∞) such that:
(i) there exists K > 0 such that W (t, x) K‖x‖pt , for all t  0 and x ∈ X.
(ii) W (t,Φ(t, t0)x) +
∫ t
t0
‖Φ(s, t0)x‖ps ds = W (t0, x), for all t  t0  0 and x ∈ X.
Proof. Necessity. We have that there exist N, ν > 0 such that ‖Φ(t, t0)x‖t  Ne−ν(t−t0)‖x‖t0 , for all x ∈ X and t  t0  0. We
set
W : R+ × X → R+, W (t, x) =
∞∫
t
∥∥Φ(s, t)x∥∥ps ds.
Then
W
(
t,Φ(t, t0)x
)=
∞∫
t
∥∥Φ(s, t)Φ(t, t0)x∥∥ps ds =
∞∫
t
∥∥Φ(s, t0)x∥∥ps ds
= W (t0, x) −
t∫
t0
∥∥Φ(s, t0)x∥∥ps ds,
for all t  t0  0 and x ∈ X . Therefore
W (t, x)
∞∫
t
N pe−νp(s−t)‖x‖pt ds =
Np
νp
‖x‖pt ,
for all t  0 and x ∈ X .
Suﬃciency. We observe that
t∫
t0
∥∥Φ(s, t0)x∥∥ps dsW (t0, x) K‖x‖pt0
and therefore
∞∫
t0
∥∥Φ(s, t0)x∥∥ps ds K‖x‖pt0 ,
for all t  t0  0 and x ∈ X .
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x ∈ X . 
Theorem 3.4. Let Φ be an evolutionary process with nonuniform exponential growth. If there exist p, K ,m > 0 such that:
• (∫∞t0 ‖Φ(τ , t0)x‖pτ dτ ) 1p  K‖x‖t0 , for all t0  0 and x ∈ X1(t0);
• (∫ tt0 ‖Φ(τ , t0)x‖pτ dτ ) 1p  K‖Φ(t, t0)x‖t , for all t  t0  0 and x ∈ X2(t0);• m‖x‖t0  K‖Φ(t0 + 1, t0)x‖t0+1 , for all t0  0 and x ∈ X2(t0),
then Φ is nonuniform exponentially dichotomic.
Proof. Let t  t0 + 1, τ ∈ [t − 1, t] and x ∈ X1(t0). Then we have that∥∥Φ(t, t0)x∥∥t = ∥∥Φ(t, τ )Φ(τ , t0)x∥∥t  eω∥∥Φ(τ , t0)x∥∥τ .
Therefore
∥∥Φ(t, t0)x∥∥t  eω
( t∫
t−1
∥∥Φ(τ , t0)x∥∥pτ dτ
) 1
p
 eω
( ∞∫
t0
∥∥Φ(τ , t0)x∥∥pτ dτ
) 1
p
 eωK‖x‖t0 .
If t ∈ [t0, t0 + 1] then we have that ‖Φ(t, t0)x‖t  eω‖x‖t0 .
Let now L = eω max{1, K }. Thus∥∥Φ(t, t0)x∥∥t  L‖x‖t0 , for all x ∈ X1(t0), t  t0. (∗)
Let t  t0, τ ∈ [t0, t] and x ∈ X1(t0). Then we have that∥∥Φ(t, t0)x∥∥t = ∥∥Φ(t, τ )Φ(τ , t0)x∥∥t  L∥∥Φ(τ , t0)x∥∥τ .
Therefore
(t − t0)
1
p
∥∥Φ(t, t0)x∥∥t  L
( t∫
t0
∥∥Φ(τ , t0)x∥∥p dτ
) 1
p
 LK‖x‖t0 .
Adding the last inequality with (∗) we get that
∥∥Φ(t, t0)x∥∥t  L(1+ K )
1+ (t − t0)
1
p
‖x‖t0 , for all x ∈ X1(t0), t  t0  0.
Setting f (t) = ‖Φ(t, t0)x‖t and g(u) = L(1+K )1+u1/p we obtain that f (t) g(t − s) f (s), for all t  s t0. By Lemma 3.1, it follows
that there exist N1, ν1 > 0 such that∥∥Φ(t, t0)x∥∥t  N1e−ν1(t−t0)‖x‖t0 , for all t  t0  0, and x ∈ X1(t0).
Let now x ∈ X2(t0) and ϕ(t) =
∫ t
t0
‖Φ(τ , t0)x‖pτ dτ . Then we have that
ϕ(t) K pϕ′(t), or equivalently 1
K p
 ϕ
′(t)
ϕ(t)
, for all t > t0  0.
Therefore we have that
e
1
K p
(t−t0−1)  ϕ(t)
ϕ(t0 + 1) , for all t  t0 + 1
which implies that
t0+1∫
t0
∥∥Φ(τ , t0)x∥∥pτ dτ e 1K p (t−t0)e− 1K p  ϕ(t) K p∥∥Φ(t, t0)x∥∥pt ,
for all t  t0 + 1.
C. Preda et al. / J. Math. Anal. Appl. 385 (2012) 572–581 579Since m‖x‖t0  ‖Φ(t0 + 1, t0)x‖t0+1  eω‖Φ(τ , t0)x‖τ which implies that
(
m
eω
)p
‖x‖pt0 
t0+1∫
t0
∥∥Φ(τ , t0)x∥∥pτ dτ ,
therefore(
m
eω
)p
‖x‖pt0e
1
K p
(t−t0)e−
1
K p  K p
∥∥Φ(t, t0)x∥∥pt , for all t  t0 + 1.
Thus we get
m
eωKe
1
pK p
‖x‖t0e
1
pK p
(t−t0) 
∥∥Φ(t, t0)x∥∥t, for all t  t0 + 1 and x ∈ X2(t0).
Putting now N ′2 = m
eωKe
1
pK p
and ν2 = 1pK p we have that
N ′2eν2(t−t0)‖x‖t0 
∥∥Φ(t, t0)x∥∥t, for all t  t0 + 1 and x ∈ X2(t0).
If t ∈ [t0, t0 + 1] and x ∈ X2(t0) then
m‖x‖t0 
∥∥Φ(t0 + 1, t0)x∥∥t0+1  eω∥∥Φ(t, t0)x∥∥t = eωe−ν2(t−t0)eν2(t−t0)∥∥Φ(t, t0)x∥∥t  eωe−ν2(t−t0)eν2∥∥Φ(t, t0)x∥∥t .
Therefore we have that∥∥Φ(t, t0)x∥∥t  meω+ν2 eν2(t−t0)‖x‖t0 .
Putting now N2 = eω+ν2 min{ 1K ,1} we have that∥∥Φ(t, t0)x∥∥t  N2eν2(t−t0)‖x‖t0 , for all t  t0  0 and x ∈ X2(t0). 
Remark 3.1. If in the above theorem we have Q (t) = 0 we obtain the suﬃciency part of Theorem 3.1 but with a different
proof.
Theorem 3.5. Let Φ be an evolutionary process with nonuniform exponential growth such that Φ(t, t0)P (t0) = P (t)Φ(t, t0), t 
t0  0. Then Φ is nonuniform exponentially dichotomic if and only if there exist p, K ,m > 0 such that:
• (∫∞t0 ‖Φ(τ , t0)x‖pτ dτ ) 1p  K‖x‖t0 , for all t0  0 and x ∈ X1(t0);
• (∫ tt0 ‖Φ(τ , t0)x‖pτ dτ ) 1p  K‖Φ(t, t0)x‖t , for all t  t0  0 and x ∈ X2(t0);• m‖x‖t0  K‖Φ(t0 + 1, t0)x‖t0+1 , for all t0  0 and x ∈ X2(t0).
Proof. Necessity. Let x ∈ X1(t0). Then
( ∞∫
t0
∥∥Φ(τ , t0)x∥∥pτ dτ
) 1
p
 N1
( ∞∫
t0
e−νp(τ−t0) dτ
) 1
p
‖x‖t0 =
N1
(νp)
1
p
‖x‖t0 , for all t0  0.
Since∥∥Φ(t, t0)Q (t0)x∥∥t = ∥∥Φ(t, τ )Q (τ )Φ(τ , t0)Q (t0)x∥∥t  N2eν(t−τ )∥∥Φ(τ , t0)Q (t0)x∥∥τ , for all t  τ  t0  0,
we have that( t∫
t0
∥∥Φ(τ , t0)Q (t0)x∥∥pτ dτ
) 1
p
 1
N2
( t∫
t0
e−νp(t−τ ) dτ
) 1
p ∥∥Φ(t, t0)Q (t0)x∥∥t  1N2(νp)1p
∥∥Φ(t, t0)Q (t0)x∥∥t,
for all t  t0  0, x ∈ X .
Suﬃciency. It is given by Theorem 3.4. 
580 C. Preda et al. / J. Math. Anal. Appl. 385 (2012) 572–581Theorem 3.6. Let Φ be an evolutionary process with nonuniform exponential growth such that Φ(t, t0)P (t0) = P (t)Φ(t, t0), and
Φ(t, t0) : X2(t0) → X2(t) is an isomorphism, for all t  t0  0. Then Φ is nonuniform exponentially dichotomic if and only if there
exist p, K ,m > 0 such that:
• (∫∞t ‖Φ(τ , t)P (t)x‖pτ dτ ) 1p + (∫ t0 ‖Φ−1(t, τ )Q (t)x‖pτ dτ ) 1p  K‖x‖t , for all t  0 and x ∈ X ;• m‖Q (t)x‖t  ‖Φ(t + 1, t)x‖t+1 , for all t  0 and x ∈ X.
Proof. Necessity. Let x ∈ X and t  0. Then( ∞∫
t
∥∥Φ(τ , t)P (t)x∥∥p
τ
dτ
) 1
p
 N1
( ∞∫
t
e−νp(τ−t) dτ
) 1
p ∥∥P (t)x∥∥t  N1
(νp)
1
p
sup
t0
∥∥P (t)∥∥t‖x‖t .
Since ‖Φ(t, τ )Q (τ )x‖t  N2eν(t−τ )‖Q (τ )x‖τ , for all t  τ  0, we have that∥∥Φ−1(t, τ )y∥∥
τ
 1
N2
e−ν(t−τ )‖y‖t, for all y ∈ X2(t).
Thus ( t∫
0
∥∥Φ−1(t, τ )Q (t)x∥∥p
τ
dτ
) 1
p
 1
N2(νp)
1
p
∥∥Q (t)x∥∥t  1
N2(νp)
1
p
(
1+ sup
t0
∥∥P (t)∥∥t), for all t  0 and x ∈ X .
Putting K = 1
(νp)
1
p
(1+ supt0 ‖P (t)‖t)(N1 + 1N2 ) we have that
( ∞∫
t
∥∥Φ(τ , t)P (t)x∥∥p
τ
dτ
) 1
p
+
( t∫
0
∥∥Φ−1(t, τ )Q (t)x∥∥p
τ
dτ
) 1
p
 K‖x‖t , for all t  0 and x ∈ X .
Suﬃciency. Let x ∈ X1(t). Then( ∞∫
t
∥∥Φ(τ , t)x∥∥p
τ
dτ
) 1
p
 K‖x‖t , for all t  0.
If t  t0  0 and x = Φ(t, t0)Q (t0)y, y ∈ X we get that( t∫
t0
∥∥Φ−1(t, τ )Q (t)Φ(t, t0)Q (t0)y∥∥pτ dτ
) 1
p
=
( t∫
t0
∥∥Φ−1(t, τ )Φ(t, τ )Φ(τ , t0)Q (t0)y∥∥pτ dτ
) 1
p
=
( t∫
t0
∥∥Φ(τ , t0)Q (t0)y∥∥pτ dτ
) 1
p
 K
∥∥Φ(t, t0)Q (t0)y∥∥t .
By Theorem 3.4 we have that Φ is nonuniform exponentially dichotomic. 
Theorem 3.7. Let Φ be an evolutionary process with nonuniform exponential growth such that Φ(t, t0)P (t0) = P (t)Φ(t, t0), and
Φ(t, t0) : X2(t0) → X2(t) is an isomorphism, for all t  t0  0. Then Φ is nonuniform exponentially dichotomic if and only if there
exist p > 0 and W : [0,∞) × X → R such that:
(i) W (t,Φ(t, t0)x) +
∫ t
t0
‖Φ(τ , t0)P (t0)x‖pτ dτ +
∫ t
t0
‖Φ(τ , t0)Q (t0)x‖pτ dτ = W (t0, x), for all t  t0  0 and x ∈ X ;
(ii) there exists K > 0 such that |W (t, x)| K‖x‖pt , for all t  0 and x ∈ X ;
(iii) W (t, x) 0, for all t  0 and x ∈ X1(t);
(iv) W (t, x) 0, for all t  0 and x ∈ X2(t);
(v) there exists m > 0 such that m‖x‖t  ‖Φ(t + 1, t)x‖t+1 , for all t  0 and x ∈ X2(t).
Proof. Necessity. It follows easily if for each p > 0, we set
W : R+ × X → R, W (t, x) =
∞∫ ∥∥Φ(τ , t)P (t)x∥∥p
τ
dτ −
t∫ ∥∥Φ−1(t, τ )Q (t)x∥∥p
τ
dτ .t 0
C. Preda et al. / J. Math. Anal. Appl. 385 (2012) 572–581 581By using Remark 2.6 we have that there exists K > 0 such that |W (t, x)| K‖x‖pt , for all t  0 and x ∈ X .
Taking into account that
W
(
t,Φ(t, t0)x
)=
∞∫
t
∥∥Φ(τ , t0)P (t0)x∥∥pτ dτ −
t0∫
0
∥∥(Φ(t, t0)Φ(t0, τ ))−1Φ(t, t0)Q (t0)x∥∥pτ dτ
−
t∫
t0
∥∥Φ−1(t, τ )Φ(t, τ )Φ(τ , t0)Q (t0)x∥∥pτ dτ
=
∞∫
t
∥∥Φ(τ , t0)P (t0)x∥∥pτ dτ −
t0∫
0
∥∥Φ−1(t0, τ )Q (t0)x∥∥pτ dτ −
t∫
t0
∥∥Φ(τ , t0)Φ(t, τ )Q (t0)x∥∥pτ dτ
= W (t0, x) −
t∫
t0
∥∥Φ(τ , t0)P (t0)x∥∥pτ dτ −
t∫
t0
∥∥Φ(τ , t0)Q (t0)x∥∥pτ dτ ,
we obtain the ﬁrst assertion. Regarding conditions (iii)–(v), it can be easily seen that they follow from the expression of W
and Deﬁnition 2.2.
Suﬃciency. Taking into account (i), (ii), (iii) we have that for all t  t0  0 and x ∈ X( t∫
t0
∥∥Φ(τ , t0)P (t0)x∥∥pτ dτ
) 1
p
 K
1
p ‖x‖t0
and therefore( ∞∫
t0
∥∥Φ(τ , t0)P (t0)x∥∥pτ dτ
) 1
p
 K
1
p ‖x‖t0 ,
for all t  t0  0 and x ∈ X .
By (i), (ii) and (iv) it follows that
t∫
t0
∥∥Φ(τ , t0)Q (t0)x∥∥p dτ −W (t,Φ(t, t0)Q (t0)x) K∥∥Φ(t, t0)Q (t0)x∥∥p,
for all t  t0  0 and x ∈ X .
By Theorem 3.1 we get that Φ is nonuniform exponentially dichotomic. 
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